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1 | JUSTIFICATION OF VARIANCE PARTITIONING

Here we provide calculations to justify the partitioning of variance introduced in section 2.1 of the main text. The
calculations here hold for any collection of numerically coded factors f = (f;, ..., f,)'. In the main text, the f; are equal
to the allele counts g; fori = 1,..., L, and are equal to relative microbial abundances m; fori =L +1,...,L +S. Instead of
the additive effect specific to genotype-microbiome pairs Agm, We focus on obtaining an expression for the additive
effect for the vector of arbitrary factors f, denoted ay. The additivity constraint on ay implies a; = aq + 3, ; f;, which
we abbreviate to ay = ag +{q, f) with a = (a4, ..., a,)" the vector of additive effects associated with each component of
f, and ay is the intercept of the linear model. In the main text a; = y; fori=1,..,Land a; = w; fori =L+ 1,...,L +S. We
make the decomposition z; - Z = 8¢ = d; + py, i.e., p is the residual. Following the definition of Py in the main text we
have Py = X pfp}, where py is the frequency of f in the population. Then Py can be rewritten as P = X ps(6s - af)z.

Our goal is to minimize Pg. Partial differentiation with respect to the intercept returns

3,Pr =2 P6s-ao-(a,f)) =2 pspy=-2p. (1)
f f

The optimality condition 9,,Pr =0 then implies p = 0, and hence we can set a; = - prf(a, f)=~{a,f) = -3 aif,-.
Partial differentiation with respect to additive effect a; fori = 1,..., n returns

3a,Pr =2 pAbs-ao- (o, fNf; = -2 pspsfi = -2Covip, f;), 2
f f

where the last equality holds because p = 0. Then 9, Py = 0 implies Cov(p, f;) = 0. The expression for 9, Pg can also be

written as
34,Pr = -2 Cov(6y, f;) + 2 Cov({a, f), fi), ()
Note that Cov(6y, f;) = Cov(zy, f;) and Cov({a, f), f;) = zq Cov(fj, f;)- Hence, 3, Pg = 0 also implies

Cov(zs, f;) = > a; Cov(fy, f). @)
j

Writing Cov(zs, f) as the vector with ith entry Cov(zy, f;) and T as the n x n matrix with i, jth entry Cov(f}, f;), the
expression above can be written in vector-matrix notation as Cov(zy, f) = 2 a. Hence, a = 31 Cov(zs, f) when 371 exists
and ag = ~(a, fywith f = (fy, ..., f,). This establishes the definition of additive genetic and microbial effects provided

in the main text when % is non-singular.

The result Cov(pf, f;) = 0 implies Zf psasps = 0, which then formally establishes the partitioning of the variance
of the marginal value Var(zy) = X pslzs - 7)? as Var(zg) = Py + Pg, with Py = X pfajZ. More generally, given K different
classes of factors such that f = (ﬂ,...,f,1,1,...,ﬂ<, ...,f,‘fK)T and a = (a],...,a},w,...,aﬁ...,aﬁK)T, the expression for P, can

be rewritten as

k-

K K
Pp= Z Paj + Z Ca e (5)

k=1 k=1 ¢=

-

-
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where Py, = prfa;k and Cypp = 23 Prapuaye, With o= (Ffen [T, @R = (ak, ..., ak )T, and ay, = a +(ak, f*). Here
we have introduced new partition-specific intercepts, which must satisfy ag = 3, a’g, and so we can take ag = ~(ak, f’*),
With this choice the contributions to a; from each partition are centered, so the resulting partition of variance comes
out in terms of variances and covariances (without this choice of ag we would have sums of squares instead of
(co)variances). This returns our partitionings introduced in section 2.1 and in section 2.3.2 as special cases. Finally, our
choice for af implies

Np -1
Pa = Z(ak)z Var(fk) + 2 Z Z afaf Cov(f¥, 1), (6a)
i=1j
Ne  Ne
Care=2) » akalCov(ff,f), (6b)

i=1 j=1
and this returns equations (5) of the main text as a special case.

The above partitioning of P, is unique only when £ is non-singular. When % is singular, the Moore-Penrose
pseudoinverse of I is commonly used in place of 3-1. This approach is useful for approximating P,, but the estimate of

o loses biological significance as a consequence of its lack of uniqueness.

2 | ADDITIVE VARIANCES UNDER PAIRWISE INTERACTIONS

Here we compute expressions for host trait variation using a model that assumes genotypic-microbic values are
determined by mechanistic additive effects of host allele counts g, ..., g, and microbial abundances my, ..., ms in
addition to mechanistic effects explained by products of host allele counts 9i9;, products of microbial abundances
m;m, and products of host allele counts and microbial abundances gim. This model incorporates all possible pairwise
products of trait mediating factors analyzed, and therefore generalizes the model presented in section 5 of the main
text which focused only on products of host allele counts and microbial abundances. The model here can be expressed
as

L L i S i L S
m=2Zg+ Z Yigi + Z Z ¥ij9i9; + Z w;m; + Z Z wjm;m; + Z Z)?ijgimj- (7)
p i

Our goal here is to compute G, = ng pgmyg, My = ng pgmwé, and C, = ng PgmYqWr 8iven the above model under
the assumption that all factors g, ..., g,, m4, ..., mg are linearly independent so that 31 exists (which implies uniqueness
of G,, M,, C,). To begin, note that

L S
CovlZgm, Gk) = »_¥iCoV(g;, g) + »_ @iCov(m;, gy)
i=1 i=1
S S L S

Lo
+> > 1ijCov(gig;,gr) + > > @;Covimim;,gg)+ > > K;Cov(gim;,gy), (8a)

i=1 j=1 i=1 j=1 i=1 j=1
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L s
CoV(Zgm, My) = Y ViCov(g;, my) + > @;Cov(m;, my)
i=1 i=1
‘ s

Lo S i L
+ Z Z\"/UCov(g,-gj,mk) + Z Z w;;Cov(m;m, Z ;jCov(gimj, my).  (8b)
i=1 j=1

i=1 j=1 j=1

Writing @ = (Y4, ..., Y1, @01, -, Ws), and v the vector-valued function of g and m with kth entry

Lo s i L s
=> D ViCov(gigjgu) + » > Cov(mim;,gi)+ > > XijCov(gim;, g k=1, L, (%)
i1 j=1 i=1 j=1 i1 j=1
Lo s i L s
Vi = Z Z ¥;;Cov(g;gj, My_,) + Z Z w;iCov(m;m;, my_;) + Z ZXijCOV(gimj: Mp), R=L+1,..,L+S, (9b)
i=1 j=1 i=1 j=1 i=1 j=1

we have Cov(zgp, a) = 3G +Vv. Hence a = & + X~ "v, and writing u = 3™"v the vector-valued function of g and m resulting
from a transformation on v, we have y; = y; + u; and w; = w; + uj,;.

L s
Vo= (Fi+ugs, wg = (@ +up)m;. (10a)
i=1 i=1
Consequently
L s
V=D UG+ gim, @= @i+ mit, (11)
i=1 i=1

where g;u; and m;u;,; are averages of g;u; and m;u;,, across genotype-microbiome pairs in the host population. To

simplify expressions we write [x] = x - x and [xy] = xy - Xy. This leads to

i-1

L L
Vol = > V2Lgil? + 2Vilgillgiud + [giuil? + 2 > > Vivjlgillg;] + Vilgillg;u;] + ¥ilg;llguil + [g;usllg;uyl, (12a)

i=1 i=1 j=1

S S -1
[w,]? = Z W2Im; 2 +20;[m;1im;u, 1+ [miu;, 12+2 Z W;;mIIm;1+e;lm;llm;ug,, 1+ @;lmj1Im;u, 1+ 0myug, Jimjug,
i=1 =1 j=1

(12b)
L s
[vgllwn] = Z Z viw;[gilIm;] + Vilgillm;u;, 1+ @;lm;llg;uid + [giulimjuj,, ). (12¢)
i=1 j=1
We can therefore write
L
Gy = ¥?Var(g;) +2¥; Cov(g;, gju;) + Var(g;u;)
i=1

L oi-1
+ZZZ l?] COV(g”gJ)‘*Y, COV(g,,gJU)'FYJ COV(gl,g, ,)"‘COV(g,'U,‘,ng}‘), (133)
1 j=1

i=
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S
MA = Z (:J,Z Var(mi) + 2[,:), COV(mi, m,~u,-+,_) + Var(miu,-+,_)
i=1

S
+2Z U\’J,(:J] COV(mi,m}')*'(Di COV(mi,min,,L)*'U"Jj COV(mI',m,'U,'+L)+COV(m,'Ui+L,ij}'+L), (13b)

L S
Ca=2> > Vi; Cov(g;, m;)+V; Covlg;, m;u;.,) + &; Cov(my, gu;) + Cov(g;u;, ;u;.,)- (13c)

i=1 j=1
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3 | TABLES OF PARAMETER VALUES USED IN SIMULATIONS

TABLE 1 Parameter values used for simulating data presented in Figure 5 of main text

Symbol
nr
sr
or
h?
2

KL
KN
KE

Meaning

Number of times to initialize parental population
Number of times to repeat selection of hosts
Number of times to repeat production of offspring
Expected proportion of additive genetic variance
Expected proportion of additive lineal variance
Expected proportion of additive non-lineal variance
Expected proportion of additive external variance
Number of host genetic loci

Number of lineal microbe taxa

Number of non-lineal microbe taxa

Number of external microbe taxa

Expected total phenotypic variance

Probability of alternate allele at each locus in parental genomes
Size of host populations

Selection coefficient

Expected abundance for lineal microbe taxa
Expected abundance for non-lineal microbe taxa

Expected abundance for external microbe taxa

Value
100
20
20
0.25
0.25
0.25
0.25
100
100
100
100
100
0.5
1000
0.001
50
50
50



6 SUPPLEMENT TO MICROBIOME MEDIATED QUANTITATIVE GENETICS

TABLE 2 Parameter values used for simulating data presented in Figures 3 and 4 of main text

Symbol Meaning Value
T Number of host generations 10
ts_rep Number of time series to repeat 20
nr Number of times to initialize parental population 50
sr Number of times to repeat selection of hosts 10
or Number of times to repeat production of offspring 10
héL,\,E Expected proportion of additive genetic variance for GLNE 0.25
A2 e Expected proportion of additive lineal variance for GLNE 0.25
V2InE Expected proportion of additive non-lineal variance for GLNE 0.25
€2GLNE Expected proportion of additive external variance for GLNE 0.25
héLN Expected proportion of additive genetic variance for GLN 0.33
/\éLN Expected proportion of additive lineal variance for GLN 0.33
Ve Expected proportion of additive non-lineal variance for GLN 0.33
séLN Expected proportion of additive external variance for GLN le-3
héL Expected proportion of additive genetic variance for GL 0.5
/\éL Expected proportion of additive lineal variance for GL 0.5
véL Expected proportion of additive non-lineal variance for GL le-3
eéL Expected proportion of additive external variance for GL le-3
hé Expected proportion of additive genetic variance for G 0.99
Aé Expected proportion of additive lineal variance for G le-3
vé Expected proportion of additive non-lineal variance for G le-3
eé Expected proportion of additive external variance for G le-3
L Number of host genetic loci 100
SL Number of lineal microbe taxa 100
SN Number of non-lineal microbe taxa 100
SE Number of external microbe taxa 100
E[Psne]l ~ Expected total phenotypic variance for GLNE 100
E[Psin] Expected total phenotypic variance for GLN 75
E[Pg, ] Expected total phenotypic variance for GL 50
E[P;] Expected total phenotypic variance for G 25

p Probability of alternate allele at each locus in parental genomes 0.5
n Size of host populations 1000
S Selection coefficient 0.001
KL Expected abundance for lineal microbe taxa 50
KN Expected abundance for non-lineal microbe taxa 50

KE Expected abundance for external microbe taxa 50



